Abstract. We show that the difference between the genus and the stable topological 4-genus of alternating knots is either zero or at least 1/3.
Introduction
The topological 4-genus g t (K) of a knot K ⊂ S 3 is defined by minimising the genus over all locally flat surfaces Σ ⊂ B
4 with boundary ∂Σ = K. Determining the topological 4-genus is a hard problem, in general. The only workable lower bound is Kauffman-Taylor's signature bound [KT76] : σ(K) ≤ 2g t (K). A remarkable upper bound was recently derived by Feller [Fel16] : g t (K) ≤ maxdeg(∆ K (t)), where ∆ K (t) denotes the Alexander polynomial of K. This can be seen as a generalisation of Freedman's disc theorem [Fre84, FQ90] . Somewhat more is known when g t (K) is replaced by its stable version defined by Livingston [Liv10] :
where K n denotes the n-times iterated connected sum of K. For example, g t (K) is strictly smaller than the classical genus g(K) for all positive braid knots with non-maximal signature invariant [Baa16] . In this paper, we exhibit a quantitative gap between g(K) and g t (K) in the case of alternating non-positive knots. Let us point out that this difference is zero for positive alternating knots, since these have maximal signature invariant. In fact, the result holds more generally for homogeneous knots, a class of knots introduced by Cromwell [Cro89] that includes alternating knots. Namely, a knot is called homogeneous if it admits a homogeneous knot diagram, i.e. a diagram in which for every Seifert circle S, all crossings adjacent to S inside of S have the same sign, as do all crossings adjacent to S outside of S. Theorem 1. Let K be a prime homogeneous knot, and suppose neither K nor its mirror image is a positive knot. Then g(K) − g t (K) ≥ 1/3. We do not know whether an equivalent statement holds if g t (K) is replaced by the smooth slice genus g s (K), which is defined by minimising the genus over all smooth surfaces Σ ⊂ B 4 with boundary ∂Σ = K. However, we are still able to prove the following qualitative version.
Theorem 2. Let K be a homogeneous (not necessarily prime) knot, and suppose neither K nor its mirror image is a positive knot. Then
Livingston constructed families of (non-homogeneous) knots with arbitrarily small positive difference g − g s . We do not know if such a family exists in the topological setting.
The proof of Theorem 1 occupies the main part of this paper. It is based on Freedman's disc theorem, a version of the Hasse principle and an elementary fact about surface mapping classes.
Proofs of the main theorems
The proof of Theorem 1 is split into three lemmas.
Lemma 3. Let D be a homogeneous reduced diagram of a knot K with positive and negative crossings, and Σ the Seifert surface obtained by Seifert's algorithm.
(i) The surface Σ contains two unknotted simple closed curves γ ± of positive and negative induced framing, respectively. (ii) If D is prime, Σ contains two unknotted simple closed curves γ ± such that the Seifert form on [γ + ], [γ − ] has the following matrix with p, n > 0:
Proof. The Seifert surface Σ consists of Seifert discs and twisted bands, the latter being in one-to-one correspondence with the crossings of D. Let Γ ⊂ Σ be the union of the boundaries of the Seifert discs and the cores of the twisted bands. Note that Γ is a trivalent graph embedded into Σ ⊂ R 3 . Let π : R 3 → R 2 be the projection that sends K to D. Then π| Γ is a homeomorphism onto its image, i.e. π| Γ is a drawing of Γ as the plane graph π(Γ). Let U be a connected component of R 2 \ π(Γ). Since D is reduced, ∂U is a simple closed curve in π(Γ) ⊂ R 2 . It lifts to a simple closed curve in Γ ⊂ Σ, which we denote by γ U . Since π(γ U ) is a crossingless knot diagram of γ U , this curve is unknotted.
Let C(U ) ⊂ D be the set of those crossings c of D for which ∂U contains the edge of π(Γ) corresponding to c; or, equivalently, of those crossings c for which γ U passes through the twisted band corresponding to c. An annulus around γ U in Σ twists whenever γ U passes through a twisted band. So the induced framing of γ U in Σ equals To construct a curve γ + with positive induced framing for part (i) of the lemma, pick an edge in Γ corresponding to a positive crossing. Let U be a connected component of R 2 \ π(Γ) whose boundary contains this edge. Since D is homogeneous, all crossings contained in C(U ) are of the same sign. Therefore, γ + = γ U has positive induced framing. The curve γ − may be constructed analogously. Now let us assume that D is prime and prove part (ii). Because D has crossings of both signs and is connected, there is a Seifert circle S such that the set C(S) of crossings adjacent to S contains positive and negative crossings. The orientation of S endows C(S) with a cyclic ordering. Let c 1 ∈ C(S) be a positive crossing with negative successor (with respect to that ordering). Let c 2 be the first crossing after c 1 with positive successor c 3 . Let c 4 be the first negative crossing after c 3 . Figure 1 (b) illustrates the choice of the c i .
We shall now prove that c 1 , c 2 , c 3 , c 4 are four distinct crossings that lie on S in that order. Assume the contrary. Then there is only one block of positive and negative crossings of C(S) each, which contradicts the primality of D; more precisely, pick x, y ∈ S \ C(S), namely x between c 1 and its successor, and y between c 3 and its predecessor. Then S \ {x, y} splits into two components, one containing all positive, the other containing all negative crossings of C(S). The complement of S in R 2 consists of two connected components. In each of them, x and y may be connected by a path that avoids D. The union of these two paths is a circle whose intersection with D is {x, y}, and which contains crossings of D on either side; in other words, D is not prime. Now let U + be the connected component of R 2 \ π(Γ) that lies vis-à-vis of c 2 , on the other side of S, and similarly U − the component that lies vis-à-vis of c 3 . Let γ + = γ U+ and γ − = γ U− . Then the diagonal entries of the matrix of the Seifert form of Σ on [γ + ], [γ − ] have the desired form, because the associated curves have positive and negative induced framing, respectively. Furthermore, after a small generic isotopy, the curves have one geometric intersection point, whereas the projections π(γ ± ) ⊂ R 2 intersect twice. This implies that one of the off-diagonal entries vanishes, and the other one is ±1. Switching the orientations of γ + and of Σ if necessary establishes the desired matrix.
Lemma 4. Let p, n > 0 be given. Then there are x 1 , x 2 , y 1 , y 2 ∈ Z such that
Proof. First, one may complete the square and rewrite the summands as follows:
Solving ( ‡) inx i ,ȳ i will give an integer solution to ( †). The equation ( ‡) is quadratic in four variables, so by a version of the Hasse principle due to Watson [Wat55] , the existence of an integral solution is equivalent to the existence of a real solution and a solution in Z/mZ for every positive m. The real solution exists because the associated symmetric bilinear form is indefinite. By the Chinese Remainder Theorem it is sufficient to find solutions in Z/mZ for m = q k a prime power.
For k = 1, i.e. m prime, it is well-known that every number in Z/mZ is a sum of two squares, so there is even a solution to ( ‡) withȳ i = 0. From there, if q is an odd prime, we can inductively construct a solution in Z/q k Z for k ≥ 2:
Now suppose w.l.o.g. thatx 2 ≡ 0 (mod q), then taking β to be −α/(2x 2 ) ∈ F q gives a solution. For q = 2 and k ≤ 3, a solution is given by (x 1 ,x 2 ,ȳ 1 ,ȳ 2 ) = (1, 0, 1, 1). For k ≥ 4, one can inductively construct solutions (very much as above) with oddx 1 . Given such a solutionx and are done; or we havē
sincex 1 is odd. Let T be the union of closed tubular neighbourhoods of γ and ζ in Σ, i.e. the union of two annuli whose cores intersect once. Then T is a surface of genus one with one boundary component. Since T is a subsurface of Σ, the Seifert form of T is simply the restriction of A to H 1 (T ), and so with respect to the basis ([γ], [ζ]) of H 1 (T ), its matrix is 0 1 0 0 .
Therefore the Alexander polynomial of ∂T is trivial, and thus by Freedman's disc theorem [Fre84, FQ90] there is a locally flat embedding of a disc D into B 4 with ∂D = ∂T = D ∩ S 3 . Replace T with D, i.e. remove T from Σ and glue D to the resulting boundary component. This yields a connected locally flat slice surface S of K with genus one less than the genus of Σ.
(ii) If p = 0 or n = 0, the hypothesis of part (i) of this Lemma is satisfied, and we even have g t (K) ≤ g t (K) ≤ g(K) − 1. So let us assume p, n > 0. The idea is to apply part (i) to the knot K 3 with genus-minimal Seifert surface Σ 3 = Σ#Σ#Σ. Fix the basis of the rank-two subgroup of H 1 (Σ) with respect to which A has the given matrix. Three copies of this basis concatenated give a basis of a rank-six
Consider the rank-two subgroup of V generated by the vectors (1, 0, x 1 , y 1 , x 2 , y 2 ) and (0, 1, 0, 0, 0, 0) . On this subgroup, A has the matrix given in part (i). Hence
Theorem 1 follows from Lemma 3(ii) and Lemma 5(ii), since the canonical Seifert surface of a homogeneous diagram is genus-minimal [Cro89] . In the smooth setting, Theorem 2 follows from Lemma 3(i) and the following:
Lemma 6. Let Σ be a genus-minimal Seifert surface of a knot K.
(i) If Σ contains a non-separating unknotted simple closed curve γ with induced framing 0, then
(ii) If Σ contains two unknotted curves γ ± with respective framings p and −n, where p, n > 0, then
Proof. (i) This is just an application of ambient surgery: remove a tubular neighbourhood of γ in Σ, and glue in two copies of a slice disc of the curve γ.
(ii) In Σ n+p , one finds the unknotted curve γ n + #γ p − with framing 0. By part (i) of this Lemma,
Applications and examples
Proposition 7. Let K be a knot with a Seifert surface of genus one that contains a simple closed curve of induced framing 1. If the signature of K vanishes, then
Proof. Extend the curve's homology class v to a basis (v, w). With respect to that basis the Seifert form A has the matrix 1 x + 1 x * for some integer x. Change to the basis (v, w − x · v), on which A has the matrix 1 1 0 −n for some integer n. Since the signature vanishes, we have n ≥ 0. Now apply Lemma 5(ii).
The following is a strengthening of [Baa16, Corollary 1].
Proposition 8. Let K be a knot with a genus-minimal Seifert surface that contains simple closed curves of induced framings 1 and −1.
Proof. Let γ be a curve of induced framing 1. Let ζ be another curve that intersects γ once. Then, for some x, y ∈ Z, the Seifert form of the Seifert surface Σ has the following matrix on Note that in both of the previous propositions, the hypotheses can be phrased in purely homological terms, without reference to curves.
Examples 9. Let K n denote the n-twist knot, i.e. the two-bridge knot corresponding to the fraction (4n + 1)/2. In Rolfsen's table, K 1 = 4 1 , K 2 = 6 1 etc. The knot K n is topologically slice if and only if n ∈ {0, 2} [CG78] , and for all other n we have g(K n ) = g t (K n ) = 1. On the other hand, our main result shows that g t (K n ) ≤ 2/3 for all n ≥ 0.
Let us have a closer look at K 5 . Let Σ be its standard genus one Seifert surface. In what follows, we show that Σ#Σ does not contain a simple closed curve γ of induced framing 0. This demonstrates that while it might a priori well be possible to improve the constant of 1/3 in Theorem 1, possibly even up to 1, this would require a new approach.
Taylor [Tay79] shows that if a knot has a genus-minimal Seifert surface without a curve of induced framing 0, then the genus and smooth slice genus of that knot are equal. It is generally believed that this results hold in the topological category as well. This would imply g t (K 5 #K 5 ) = 2.
The Seifert form of Σ has a matrix 1 1 0 −5 .
So the homology class of a simple closed curve γ ⊂ Σ#Σ with induced framing 0 is a non-trivial solution (x 1 , y 1 , x 2 , y 2 ) ∈ Z 4 to the equation ). According to a theorem of Fermat, the prime factorisation of a sum of two squares contains primes that are equivalent to 3 (mod 4) an even number of times. Hence the maximal power of 3 that divides the left hand side of the above equation is even, and so is the maximal power of 3 dividing (ȳ 2 1 +ȳ 2 2 ); thus the maximal power of 3 dividing the right hand side is odd, which is a contradiction.
Examples 10. One finds the following alternating non-positive prime knots of genus two for which Taylor's obstruction (as in the previous example) implies that the topological slice genus equals the genus: 12a 787 , 13a 4857 , 14a 8117 , 14a 9067 , 15a 35895 , 15a 35937 , 15a 51786 , 15a 76589 For these knots, our main result shows that the stable topological slice genus is at most 5/3.
It seems probable that similar examples exist for genus three or higher. However, there are no workable tools at our disposition to prove g t = g for knots with non-maximal signature and g ≥ 3.
